STAT 821 HOMEWORK 2  SOLUTION

Question 5.10

(a) x: number of failures before getting the mth success.
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There are m-1 success out of the first m+x-1 trials, the probability of
which is (m;;le) p™(1—p)*. And the last trial must be a success, with

probability p. And trials are independent to each other, so result in
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is in form of (5.1) with

n(p) =log(1 —p) B(p) = —mlog(p) h(z)= (m a1 1>

m—1
Thus it is one-parameter exponential family.

(d) Write the pdf in canonical form

f(x) — m+x—1 e:plog(l—p)—i-mlog(l—e")
m—1

where
n=log(l—p) T=X A=-mlog(l—e¢e")

By theorem 5.10,

My (u) = = 1 _ entu
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(e) An application of theorem 5.8 gives

BX) = --A()

Var(X) = —A(n)
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Let
n=1logh O6=c¢e" c(@)=cle") T=x An) =logc(e)
This is in form of (5.1). The MGF is
My(u) = lose(er)-loge(en)

c(fe)
c(0)

Question 5.18

(b) For normal N (u,c?), we have

1 1
pald) = ——ew {—202 (o — ) - 1oga}
1 z? uz u?
= 5P Tz T (—202 +logo)
So
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h(x):—m m=-53 1(r) =z =g To(zx) ==

Let g(z) = 22, then we have
o’E(2X) = E[X*(X — p)] = 20%u = B(X?) — uB(X?)
= B(X%) = 2020+ pB(X?) = 202 p + p(p? + 02) = 302 p+ 4°
Let g(x) = 23, then we have
o?B(3X?) = B(XY(X — 1)) = B(X*) — pB(X?)
Thus

E(X%) =30%E(X?) 4+ pE(X?) = 60%u® + p* + 30



Question 5.28

(a) A is a fixed sample space, so it is not decided by . From (5.1),

p(]f) = exp (Z n:(0)T5(0) — 3(9)) h(z)
i=1

is the unrestricted distribution. Based on this, we have the truncated

distribution as

exp (35— mi(0)Ti(0) — B(0)) La(x)h(x
po(A)

) - exp (Z ni(0)T3(0) — B(6) 1ogp9<A>> La(2)h(z)
=1

with new
B'(0) = B(#) +logpg(A) k' (0) = L[4(z)h(x)
Thus the truncated distribution is again in (5.1) form.

(b) We need
(= m,ovm) s [ M) < o0}

Consider exp(\) with pdf f(z) = Ae™**. Truncate it within = € [0, 1],

AG_A$

[f(z) = ml[o,l}

()

To get

1 Ae—Ax
0o —€ +1

A can take any nonzero values, i.e. the natural parameter space is

{A:AeR, A#0}
However for the original distribution, we need A > 0 to make fooo e My <

00, i.e. {A: A > 0}. The original natural parameter space is a subset

of the parameter space of the truncated family.

Question 5.33
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Let z = Llog <fyy), then y = % and |J| = %
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e@z+log(cos 0)
2 cosh(mz/2)

The last equality holds since

cosh(mz/2) = (em"/2 _|_e*7rw/2>

N

This is in form (5.1).

(b) s=1 T=x B(f)=—log(cosh) n(h)=240.

Apply Theorem 5.8,

By(T(X)) = B(X) = §-A(n) = tan(®) =
d? 1 )
Varg(T(X)) = dT72A(77) = o527 =1l+up

Another approach to (b) is the following:

MGF of X = E(e)
= /h(a:)ew”)x_B(e)dx
R

- B(0+1)
e B(0)e

cos(6) ™
= _— f —_
cos(f +1t) or |6-+1] < 2
Thus (0
B(X) = cos(0) 220D | o)

cos?(0 +1)|,_,

SIEY



E(X?%) = cosf 4 tan(f + t) sec(d + t)]
dt =0

= cosfsec3(A) + (tan ) sec § tan 6]

= sec’ 6+ tan’6

Thus
Var(X) =sec?(f) = 1 + (EX)?



